1. Minkowski has discovered a geometrical principle which he applied with success to certain important problems in the theory of numbers. If we define lattice-points as those points in space of n dimensions whose (rectangular) coordinates are positive or negative integers or zero, his principle may be stated as follows:* A surface in n-dimensional space, nowhere concave, possessing a center which coincides with one of the lattice-points of this n-space, and having a volume i£ 2n, will contain at least two more lattice-points, either inside the surface or upon its boundary.
He gave this theorem the following analytic form: Let / (xi, • • •, xn) be any function of a:i, • • •, xn, which vanishes when Xi = 0, • • •, x" = 0, but possesses a definite positive value for any other system of values assigned to Xi, ■ • •, xn; let, moreover, the following functional equations be fulfilled: 2. Among the applications given by Minkowski, two will be mentioned here, and one later on ( § 12 3. A new geometrical principle will now be stated and proved. To make it somewhat more general in scope, a new definition of lattice-points will be necessary.
Definition. Let the ii-space defined by rectangular coordinates ah, ••• ,xn be divided into equal rectangular spaces by the n systems of planes xi= ai+ bit, ■ ■ ■, x" = a" + bn t ( t = 0, =<= 1, =>= 2, • • • ), where ai, • • •, a", ¿>i, • • •, bn are given real numbers. We shall call these spaces fundamental parallelepipeds.
In each of them let there be located, in an arbitrary manner, a given number of points, say k; none of them, however, lying upon the boundaries of the parallelepipeds.
These points shall be designated lattice-points.
It will be observed that this definition of lattice-points includes the former: set ai = §, bi■ = 1 (i = 1, • • •, n) ; and locate one lattice-point ( k = 1) at the center of each of the resulting parallelepipeds. 4. Theorem I. Let S represent any limited open n-dimensional continuum in the n-space Xi, • • • ,xn, having the (outer) volume V. By a suitable translation
this continuum can be placed in such a position with reference to the fundamental parallelepipeds that the number of lattice-points L contained in the continuum or lying as near as we please to its boundary is greater than Vk/W, where W represents the volume, and k the number of lattice-points of a fundamental parallelepiped.
* Geometrie der Zahlen, p. 122.
Proof. We construct a parallelepiped o whose edges parallel to the coordinate axes Xi, ■ ••, X" are of lengths Abi, • • •, Abn, A being a fixed integer (2 in the figure) taken so large that S can, by a translation, be placed entirely within a. When so placed, the double surface obtained will be denoted by (S, a).
We then construct a parallelepiped 2 whose edges, parallel to the axes, are of lengths 7¿&i, • • •, Bbn, B being a large (variable) integer (8 in the figure) , which exceeds 2A. We may assume that 2 contains just B" fundamental parallelepipeds.
Inside 2 we have a parallelepiped 2' whose edges are of lengths (B-2A)bi, •-, (B-2A)bn, its faces being at distances Abi, • • •, Abn from those of S. Now place ( S, a ) in such a position inside S that one of the vertices of a coincides with one of S, so that n of its faces lie upon n of the faces of 2. From this position we obtain { (B -A) C + 1 }B different positions of ( S, o-), all inside S, by means of translations of the form
where <,• runs through all integral values from -oo to + » , independently for each subscript i, and where C represents a large positive integer. 5. Each of the k ( B -2A )" lattice-points inside 2' will lie inside or near to several of the surfaces S, if C be chosen large enough. We shall proceed to count these lattice-points in such a way that each is counted as often as it appears inside of, or as near as we please to a surface S. Call this number N.
Consider any one of these lattice-points P. To count the number of surfaces S inside of which it will appear, we may regard S as stationary and P as subjected to the translations (1). Then P will appear as vertices of parallelepipeds whose edges are of lengths bi/C, ■••, b"¡C. Let the least number of such parallelepipeds which entirely contain the continuum S be MP. We may take C so large that all the vertices of these MP parallelepipeds lie either within the continuum S, or as near as we please to its boundary.
Summing for all of the lattice-points considered, we get L>wV-e.
Finally, since L is an integer, the inequality of the theorem follows unless Vk j W is an integer also. In this case however we consider first a continuum lying arbitrarily near to S and containing S within it. For this continuum of volume greater than V the desired inequality holds, and thus for S also. The theorem is therefore true.
7. When the different fundamental parallelepipeds are congruent with reference to the lattice-points contained, the statement in Theorem I reading "the number of lattice-points L contained in the continuum or lying as near as we please to limiting points of the continuum is greater than kV/ W . . ." may be accentuated to read as follows: "the number of lattice-points L contained in the continuum or belonging to limiting points of the continuum is greater than Vk/W. . . ." The above proof may be modified to cover this statement. However, instead of doing this, we shall give a very elegant and independent proof of Theorem I, under the restrictions mentioned, furnished the author by Professor Birkhoff, which proof throws into evidence the sharper wording of the theorem. We shall limit ourselves to one lattice-point in each fundamental parallelepiped, although the proof, as given by Professor Birkhoff, is valid for any number. The spirit of the proof is shown equally well by limiting ourselves to space of two dimensions only.
Let us therefore assume the plane divided into a network R of equal rectangles, a single lattice-point A in each, similarly placed. Let a closed curve C be drawn, having an (outer) area V, the area of a rectangle being W.
We will superpose, by a translation, upon a single rectangle Ri all those which are covered, in whole or in part, by V (its boundary included). It is then evident that a point P can be located in Ri at which the superposed or adjoining portions of V are in numberL > V¡W, unless V¡W = an integer and no part of the boundary of V appears inside Pi. But such a case could be avoided by subjecting C to a proper translation at the outset. In the reconstructed area V, P will appear as L points, congruent with reference to the rectangles R. Applying a translation such that these points coincide with L points A , the translated area V will contain in its interior or upon its boundary more than-V ¡W lattice-points A . (4). If we now divide by \P (P -1), substitute the value of tp and pass to the limit m = », we obtain Theorem II. Let F be a positive definite quadratic form in n variables and of determinant D.
Then integers ¿i, • • •, ¿», not all zero, may be substituted for the n variables such that the numerical value of F is not greater than It will be observed that the asymptotic value nD1'" / we of this expression is one half that of Minkowski's limit ( § 2). Minkowski* has proved that the asymptotic value cannot fall below nD1 '" / 2?rc. The actual limit for n = 2 was first determined by Hermite,t and for n = 3, 4 and 5 by Korkine and Zolotareff.J The quotients of these limits divided by D1 /B are respectively 2\V~Z,\/2,V2, V~8. the more so the greater the number of pairs s of conjugate imaginary forms contained among vi, • • •, vn. On the other hand, for low values of n, the limit given above is higher than that given by Minkowski.
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für Mathematik, vol. 129 (1905 ), pp. 268-9. tJournalfürMathematik.vol. 40 (1850 The problem of finding 71-1 rational fractions Xi / z, • • •, x"_i/z, having a common denominator, which are close approximations to the quantities a, has been solved by Hermite,* Kronecker,t and Minkowski,J and for n = 2 by Hurwitz. § We shall prove a theorem giving slightly closer limits, except for n = 2, than those obtained by these writers.
Consider the linear forms yi=xi-aiz, y2 = x2 -a2z, •■•, yn-i s x"_i -an-i z.
In the n-space ( yi, • • •, yn-i, z ) construct the lattice-points obtained by substituting all possible integers for xi, • • •, x»_i, z. Construct also the planes yi -Oi + hi, ■ • ■ , 7/"_i = a"_i + hn-l , 3=2 + &Ä» .
Here a; is a given positive integer; ai, • ■ •, a"_i any set of ti -1 numbers 7io< representable by the forms yi, • • •, yn-il while hi, • • •, A"_i run, independently of each other, through all integers from -°o to +■ » . These planes divide the n-space into fundamental parallelepipeds, each of volume W -k, and each containing just k lattice-points. For there are just k sets of integers Xi, • • •, Xn-i, z which satisfy the inequalities a,-+ hi < x,--a,\Z < a,-.+ Ä,-+ 1 (¿ = 1, • • •, n -1 ), ± + khn<z<h+k(hn+l).
We now apply Theorem I, where S represents the continuum of points satisfying the conditions \z\< a;
(6) y« 12» (n-l)"-b \ nna
The volume of S is V = 1 by (7). We can therefore apply a translation y'\ = 2/1 + Si, •••, y'u-i = yn-i + ô"_i, z' = z + hn to S which will bring it into such a position that two lattice-points, (yn, • • •, 2/1 n-i, zi), (2/21, • • •, 2/2 n-i, z2) are contained in S, or lie as near as we wish to its boundary. The two integers Zi, Z2 cannot be equal. For otherwise I xn -x2i | = | 2/ii -V2i | = | (Vu -Si) -(y2i -5.) | < 26 + « < 1, by (6) and (7), i. e., a?i¿ -a;2» = 0 for every subscript i, and hence the two lattice-points would not be distinct.
If we therefore set -ïl = #11 -3*21, • ■ • , Xn-l ~ Xi n-1 -X2 "-1, Z = Zi -Z2 , we have Z S 1, and we can prove that \Xi -ctiZ\ < 26+ ei, \Xi -a,-Z| iZp/""1 < a1/""16 + e2,
where ei and €2 are quantities as small as we please. If now we notice that from (7) -tór*[>+(^r>and that z may be assumed positive, these results give at once: Theorem IV. Given n -1 positive quantities ai, • • •, a"-i, and an arbitrarily small quantity b < 5, we can find n integers Xi, ■ • •, Xn-i, Z such that the n -1 differences Xi are not greater than 26, and at the same time are all not greater than y (n-l)Z-<"/"-» Znln-1~ T /n-2\B+2"|1"*-1-nL1+(-^-J J
The common denominator Z need not be taken greater than 2a = 2 (7 / 6)n-1. For n = 2, Hurwitz proved (1. c.) that 7=1/ Vb, and Minkowski* proved that, fornS2,7< (n-1 ) / n. For large values of n, this may be written y = e~1/n, while the expression for 7 in Theorem IV becomes (e + 1/ e)~1/n.
